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Topological metals continue to attract attention as novel gapless states of matter. While there
by now exists an exhaustive classification of possible topologically nontrivial metallic states, their
observable properties, that follow from the electronic structure topology, are less well understood.
Here we present a study of the electromagnetic response of three-dimensional topological metals with
Weyl or Dirac nodes in the spectrum, which systematizes and extends earlier pioneering studies. In
particular, we argue that a smoking-gun feature of the chiral anomaly in topological metals is the
existence of propagating chiral density modes even in the regime of weak magnetic fields. We also
demonstrate that the optical conductivity of such metals exhibits an extra peak, which exists on
top of the standard metallic Drude peak. The spectral weight of this peak is transferred from high
frequencies and its width is proportional to the chiral charge relaxation rate.
I. INTRODUCTION
Topological metal (TM) is a recently discovered new
phase of matter.1–18 It is characterized by topological in-
variants, defined on the Fermi surface,19–22 rather than in
the whole Brillouin zone (BZ), as in topological insulators
(TI). Such Fermi surface topological invariants arise as
a consequence of monopole-like singularities in the elec-
tronic structure, Weyl nodes, whose significance was em-
phasized early on by Volovik and by Murakami.19,22
Perhaps the most interesting feature of TM is that
their electronic structure topology leads not only to spec-
troscopic manifestations in the form of edge states,5 a
feature they share with TI, but also to nontrivial re-
sponse. This novel response is usually described as being
a consequence of the chiral anomaly,23 which may be un-
derstood in the following way. While the appearance of
gapless Weyl nodes in the spectrum has a topological ori-
gin, it also leads to an emergent symmetry, or an emer-
gent conservation law, namely conservation of the chiral
charge. This conservation law becomes increasingly more
precise as the Fermi energy of the TM approaches the
Weyl nodes. However, this apparent low-energy conser-
vation law is violated when the system is coupled to an
electromagnetic field. The origin of this violation lies in
the fact that the chiral symmetry can never be an exact
symmetry of a (3+1)-dimensional Dirac fermion on a lat-
tice, as first pointed out by Nielsen and Ninomiya,24 as
a single (or, more generally, an odd number) Dirac point
in the BZ is topologically incompatible with the chiral
symmetry. Thus, while the chiral symmetry appears to
be present when one focuses only on states at the small
Fermi surface, enclosing the Weyl points, the global lack
of chiral symmetry manifests in the electromagnetic re-
sponse of the system. This property is of great interest
both because it has a topological origin and because it
is contrary to one of the fundamental postulates of the
standard theory of metals, which states that anything of
observable consequence in a metal involves only states on
the Fermi surface.
The chiral anomaly in TM has numerous predicted ob-
servable consequences, which include negative longitudi-
nal magnetoresistance (LMR),25,26 giant planar Hall ef-
fect (PHE),27,28 and anomalous Hall effect.29 While most
of these have already been observed experimentally in
various TM materials,18,30–34 none of these phenomena
by themselves may be regarded as smoking-gun manifes-
tations of the chiral anomaly, in the sense that all of them
may in principle arise from unrelated sources, and these
sources all have to be ruled out before the chiral anomaly
origin may be claimed. An excellent discussion of these
issues in the case of the negative LMR may be found in
Ref. 35.
As first discussed by Altland and Bagrets,36 a truly
unique feature of the chiral anomaly is the highly un-
usual dependence of the transport properties, such as the
sample conductance, on the relevant length (and time or
frequency, as will be shown in this paper) scales. In an
ordinary three-dimensional (3D) metal the conductance
scales linearly with the sample size L
G(L) = σL, (1)
where the Drude conductivity σ is related to the density
of states at the Fermi energy g and the diffusion constant
D by the Einstein relation
σ = e2gD. (2)
Corrections to Eq. (1) are small in good metals, the small
parameter being 1/kF `, where kF is the Fermi momen-
tum (h¯ = c = kB = 1 units are used henceforth) and `
is the mean free path; the corrections arise only at very
low temperatures as a result of quantum interference phe-
nomena. The scaling of Eq. (1) is partly a consequence of
the fact that, in an ordinary metal in the diffusive trans-
port regime, i.e. at length scales, longer than the mean
free path ` and time scales longer than the momentum
relaxation time τ , no intrinsic hydrodynamic (i.e. long)
length scales remain, besides the sample size L.
However, as discussed in Ref. 36, in a TM two addi-
tional hydrodynamic length scales emerge. These are the
chiral charge diffusion length
Lc =
√
Dτc, (3)
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2where τc  τ is the chirality relaxation time, and
La = D/Γ, (4)
where Γ = eB/2pi2g and B is the applied magnetic field.
La is a new purely quantum mechanical magnetic-field-
related length scale, which is distinct from the magnetic
length `B = 1/
√
eB and which arises from the chiral
anomaly. It is related to the magnetic length as La ∼
`(kF `B)
2 and is thus much longer than the mean free
path in the weak-field (quasiclassical) regime kF `B  1,
which we will be interested in here. Transport properties
of TM may then be shown to depend strongly on the
interplay of the three length scales: L, Lc, and La.
27,36
In particular, the strength of the negative LMR and the
PHE depends on the parameter Lc/La, getting stronger
as this ratio increases.
Particularly striking phenomena arise when La < L <
L2c/La,
36 which is an extended and accessible range when
Lc/La  1. In this regime the sample conductance is
given by
G(L) =
e2Nφ
2pi
, (5)
where Nφ = L
2/2pi`2B is the number of magnetic flux
quanta, piercing the sample with cross-section area L2.
This means that in the regime La < L < L
2
c/La the
sample transports electric current as Nφ one-dimensional
(1D) conduction channels and the conduction is ballistic
and dissipationless [of course Eq. (5) only represents the
dominant part of the conductance and ordinary dissipa-
tive Ohmic conduction is also present]. This is striking
because it arises in a 3D metal with a Fermi surface and
in the weak magnetic field regime kF `B  1. The ex-
istence of such ballistic quasi-1D transport regime is a
smoking-gun manifestation of the chiral anomaly in 3D
TM.
In this paper we further elaborate on this striking prop-
erty of TM and consider their related dynamical proper-
ties. In particular, we demonstrate that the quasi-1D
transport regime manifests in dynamics as chiral propa-
gating density modes, which exist in a range of wavevec-
tor values given by
La/L
2
c < q < 1/La. (6)
This “one-dimensionalization” of the electron dynamics
is a unique property of TM, related to the chiral anomaly.
We also demonstrate that related phenomena exist in
frequency-dependent properties of TM. In particular we
demonstrate that the frequency dependence of the op-
tical conductivity of TM has a non-Drude form, where
an extra narrow peak exists at low frequencies, whose
width scales as 1/τc while height is a function of the
ratio Lc/La. The spectral weight of this extra peak is
transferred from high frequencies.
The rest of the paper is organized as follows. In Sec-
tion II we calculate the full density response function of
a simple model of a TM in an external magnetic field.
We analyze the eigenmode structure of the density re-
sponse function and demonstrate the presence of chiral
propagating density modes when La/L
2
c < q < 1/La. In
Section III we relate the existence of these propagating
chiral modes to observable transport properties of TM.
We also demonstrate that similar phenomena exist in the
frequency domain: we analyze the frequency dependence
of the optical conductivity and point out its non-Drude
nature. We conclude in Section IV with a brief discussion
of the main results.
II. DENSITY RESPONSE FUNCTION OF A
TOPOLOGICAL METAL
We start from the simplest model of a TM, which con-
tains the necessary ingredients to capture the physics we
want to describe. The simplest such model is the follow-
ing model of a lattice Dirac fermion
H = tγ0γµ sin kµ + ∆(k)γ
0, (7)
where
∆(k) = t(3− cos kx − cos ky − cos kz), (8)
and γµ are Dirac gamma matrices in, for example, the
Weyl representation
γ0 = τx, γi = −iτyσi, i = 1, 2, 3. (9)
This model describes two Weyl nodes of opposite chi-
rality at the Γ-point in the BZ (the effects we will be
discussing do not depend on the momentum-space sep-
aration between the Weyl nodes). Since a single Dirac
point in the BZ is incompatible with the chiral symme-
try, Eq. (7) also has an essential property, shared by all
real Weyl and Dirac semimetals, that the chiral symme-
try (chiral charge conservation) is only an approximate
low-energy symmetry of Eq. (7), which emerges when H
is expanded to linear order in k near the Γ-point. In this
case we have
H = tγ0γµkµ, (10)
and the chirality operator γ5 = iγ0γ1γ2γ3 = τz com-
mutes with H, which is no longer true once nonlinear
terms are included. This gives a finite (but small) chiral
charge relaxation rate, which is an essential property of
a Weyl or Dirac semimetal.
We add a uniform magnetic field in the z-direction
B = Bzˆ, and choose the Landau gauge for the vector
potential A = xByˆ. We will ignore the Zeeman effect for
simplicity. To find the eigenstates of H in the presence
of the magnetic field, we expand to first order in kx,y,
while keeping the full kz dependence. This is a good ap-
proximation in the regime of weak magnetic fields when
kF `B  1, which we will be interested in. For computa-
tional convenience we also make the following canonical
3transformation in the original Weyl representation of the
gamma-matrices:
τx,y → σzτx,y, σx,y → τzσx,y. (11)
This brings the Hamiltonian to the form
H = t(σxpix + σ
ypiy) + mˆ(kz)σ
z, (12)
where pi = −i∇+ eA is the canonical momentum and
mˆ(kz) = tτ
z sin kz + ∆(0, 0, kz)τ
x. (13)
Diagonalizing Eq. (12), we find the eigenstate wavefunc-
tions
|n, s, p, ky, kz〉 = zspn↑τ (kz)|n− 1, ky, kz, ↑, τ〉
+ zspn↓τ (kz)|n, ky, kz, ↓, τ〉, (14)
where n is an integer Landau level index, ↑, ↓ label the
two eigenvalues of σz, τ = ± are the two eigenval-
ues of τz, and s, p = ±. Here and throughout sums
over repeated indices will be implicit. The amplitudes
zspnστ (kz) may be regarded as components of an eigenvec-
tor |zspn (kz)〉 = |vspn (kz)〉 ⊗ |up(kz)〉, where
|upn(kz)〉 =
1√
2
(√
1 + p
t sin kz
m(kz)
, p
√
1− pt sin kz
m(kz)
)
,
|vspn (kz)〉 =
1√
2
(√
1 + sp
m(kz)
n(kz)
, s
√
1− spm(kz)
n(kz)
)
.
(15)
The corresponding energy eigenvalues are given by
nsp(kz) = sn(kz) = s
√
2ω2Bn+m
2(kz), (16)
where m(kz) = 2t| sin kz|, and ωB = t/`B , for all n ≥ 1.
The lowest Landau level (LLL), corresponding to n = 0,
is special: it does not have the s label and its eigenenergy
and the corresponding eigenvector are given by
0p(kz) = −pm(kz), (17)
and
|vp0(kz)〉 = (0, 1). (18)
We add to the Hamiltonian Eq. (12) random impurity
potential V (r), which we take to be of the Gaussian white
noise form with 〈V (r)〉 = 0 and
〈V (r)V (r′)〉 = γ2δ(r− r′). (19)
We take the impurity potential to be independent of
the spin and orbital pseudospin indices. Physically this
means that the impurities are taken to be nonmagnetic
and the potential is smooth enough that its spatial vari-
ation on the scale of the unit cell of the crystal is neg-
ligible. The last assumption is not essential, but does
simplify the subsequent calculations.
We will evaluate the density response for the above
model of a TM using the self-consistent Born approxi-
mation (SCBA) and the ladder approximation to perform
the impurity averaging. This is a conserving approxima-
tion, meaning it preserves exact conservation laws and
sum rules, and amounts physically to neglecting quantum
interference effects. This is justified in the quasiclassical
transport regime, which we will confine ourselves to: we
assume that we are interested in the density response
at length scales much longer than the inverse Fermi mo-
mentum and time scales much longer than the inverse
Fermi energy; the impurity scattering is taken to be weak
enough, so that kF `  1 and, as already mentioned,
magnetic field is also assumed to be weak, which means
kF `B  1. Finally, we will assume that the Fermi energy
is close to the Dirac point F  t (but F τ  1), which
defines the regime of a TM. The last condition ensures
the near conservation of the chiral charge, as will be seen
explicitly below.
The calculation of the SCBA impurity self-energy in
a similar model has already been discussed in detail in
Ref. 26. We will thus omit the details of this calculation
here and simply quote the result. One obtains that in the
quasiclassical transport regime the impurity scattering
rate is independent of both the Landau level index n and
the longitudinal momentum component kz and is given
by the standard SCBA expression
1
τ
=
piγ2g
2
, (20)
where the density of states at the Fermi energy is given
by
g =
F
pit2
∫ pi
−pi
dkz
2pi
Θ[F −m(kz)], (21)
Θ(x) being the Heaviside step function.
We evaluate the density response function by summing
the impurity ladder diagrams. We start from the most
general retarded density matrix response function, de-
fined as
χα1α2,α3α4(r, t|r′, t′)
= −iΘ(t− t′)〈[%α1α2(r, t), %†α3α4(r′, t′)]〉, (22)
where the density matrix is defined as
%α1α2(r, t) = Ψ
†
α2(r, t)Ψα1(r, t), (23)
and α = (στ) is a composite index, which encodes both
the spin and orbital pseudospin labels.
The standard procedure to find the real-time response
function Eq. (22) is to start from the corresponding
imaginary-time response function
χα1α2,α3α4(r, τ |r′, τ ′)
= −Gα1α3(r, r′, τ − τ ′)Gα4α2(r′, r, τ ′ − τ), (24)
where Gαα′(r, r′, τ − τ ′) is the exact imaginary-time
Green’s function, which depends on both r and r′ sepa-
rately due to both the lack of translational symmetry in
4the presence of a random impurity potential, and the lack
of gauge invariance in the presence of an external mag-
netic field. One then performs impurity averaging, which
restores translational invariance in the density response
function and gives
χα1α2,α3α4(q, iΩ) =
1
β
∑
iω
Pα1α2,α3α4(q, iω, iω + iΩ),
(25)
where
Pα1α2,α3α4(r− r′, iω, iω + iΩ)
= −〈Gα1α3(r, r′, iω + iΩ)Gα4α2(r′, r, iω)〉, (26)
is the impurity-averaged generalized polarization bubble,
and β = 1/T is the inverse temperature. In the quasiclas-
sical regime we are interested in, P may be evaluated by
summing all the SCBA diagrams for the impurity self-
energy and the ladder vertex corrections, as shown in
Fig. 1. The result of this diagram summation may be
written in a shorthand matrix notation as
P = P0D, (27)
where P0 is the bare polarization bubble, in which only
the self-energy corrections are included
P0α1α2,α3α4(r− r′, iω, iω + iΩ)
= −Gα1α3(r, r′, iω + iΩ)Gα4α2(r′, r, iω). (28)
Gαα′(r, r′, iω) here is the disorder-averaged SCBA
Green’s function, which still depends on r and r′ sepa-
rately since it is a gauge-dependent quantity in the pres-
ence of an external magnetic field. The vertex part D,
which is also known as the diffusion propagator, or dif-
fuson, satisfies the following Bethe-Salpeter equation
D = 1 + ID, (29)
where I ≡ γ2P0. The solution of this equation is
D = (1− I)−1. (30)
To obtain the real-time retarded response function we
analytically continue to real frequency iΩ→ Ω+iη, which
gives
χ(q,Ω) =
∫ ∞
−∞
d
2pii
nF () [P(q, + iη, + Ω + iη)
− P(q, − iη, + Ω + iη) + P(q, − Ω− iη, + iη)
− P(q, − Ω− iη, − iη)] . (31)
In the low-frequency limit, when Ω F , this simplifies
to
χ(q,Ω) = − iΩ
2pi
P(q,−iη,Ω + iη)
− 1
pi
∫ ∞
−∞
d nF ()ImP(q, + iη, + Ω + iη)
≡ χI(q,Ω) + χII(q,Ω). (32)
= +
= +
 
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(a)
(b)
(c)
FIG. 1. Diagrammatic representation of (a) SCBA Green’s
function. Thin line represents the bare Green’s function,
thick line is the SCBA impurity-averaged Green’s function
and the dashed line represents the disorder potential correla-
tor 〈V (r)V (r′)〉 = γ2δ(r− r′). (b) Density response function
χ. (c) Bethe-Salpeter equation for the diffusion vertex D.
The physical meaning of the two contributions to the
density response function, χI and χII , is that χI arises
from states on the Fermi surface, while all filled states
contribute to χII . χII thus represents equilibrium part of
the response and is easily shown to be a diagonal matrix,
with the nonzero matrix elements equal to −g. On the
other hand, χI represents the dynamical nonequilibrium
part of the density response and is given by
χI(q,Ω) = − iΩ
2piγ2
I(q,Ω)D(q,Ω), (33)
where
Iα1α2,α3α4(q,Ω) =
γ2
L3
∫
d3r d3r′e−iq·(r−r
′)
×GRα1α3(r, r′,Ω)GAα4α2(r′, r, 0), (34)
GR,A being the retarded and advanced real-time
impurity-averaged SCBA Green’s functions. They are
explicitly given by
GR,Aαα′ (r, r
′, ω)
=
∑
nspkykz
〈r, α|n, s, p, ky, kz〉〈n, s, p, ky, kz|r′, α′〉
ω − ξnsp(kz)± i/2τ ,
(35)
where ξnsp(kz) ≡ nsp(kz)− F .
For a general direction of the wavevector q, the eval-
uation of I(q,Ω) is severely complicated by the fact
that contributions of different Landau levels are mixed
in Eq. (34). This is not the case only when q = qzˆ,
when translational symmetry in the xy-plane leads to
decoupling of the individual Landau level contributions.
5Fortunately, this is in fact the case of primary interest to
us, since the chiral anomaly leads to unusual transport
phenomena in the direction of the magnetic field. Thus
we will take q = qzˆ henceforth.
In this case the evaluation of I(q,Ω) is relatively
straightforward, particularly in the weak magnetic field
regime kF `B  1 that we are interested in. An addi-
tional simplification arises from the fact that we are not
interested in the whole 16× 16 matrix I, which contains
a lot of unnecessary information. We are interested only
in the response of conserved, or nearly conserved, quan-
tities, which will always dominate everything else at long
times and long distances. In a generic TM, we expect
only two such quantities to exist: the electric charge,
which is strictly conserved, and the chiral charge, whose
near conservation is a defining property of a TM, as dis-
cussed above. Thus we may project the original 16× 16
matrix onto the 2 × 2 subspace, describing the coupled
transport of the electric and the chiral charge, which is
accomplished as
Iab(q,Ω) = 1
4
Γaα2α1Iα1α2,α3α4(q,Ω)Γbα3α4 , (36)
where a, b = 0, 5, corresponding to the electric (0) or chi-
ral (5) charges, and Γa,b are the corresponding operators,
i.e.
Γ0 = τ0σ0 = 1, Γ5 = τzσ0 = τz. (37)
After a tedious, but straightforward, calculation, we ob-
tain
I00(q,Ω) = i
2q`
ln
(
1− iΩτ − iq`
1− iΩτ + iq`
)
,
I55(q,Ω) =
[
i
2q`
− i(F /t)
2(1− iΩτ)4
8(q`)5
]
ln
(
1− iΩτ − iq`
1− iΩτ + iq`
)
− (F /t)
2(1− iΩτ)
12(q`)2
+
(F /t)
2(1− iΩτ)3
4(q`)4
,
I05(q,Ω) = I50(q,Ω) = i
2(kF `B)2
q`
(1− iΩτ)2 + (q`)2 . (38)
Substituting this into Eq. (33), we obtain the dynami-
cal nonequilibrium contribution to the density response
χI(q,Ω), while the equilibrium contribution is a diagonal
matrix given by
χII00(q,Ω) = χ
II
55(q,Ω) = −g, (39)
as already mentioned above.
A comment is in order here. As can be seen from
Eq. (38), only the off-diagonal matrix element I05 de-
pends on the magnetic field. This is true in the quasi-
classical limit kF `B  1 only, and is a consequence of
the fact that in this limit we may ignore the effect of
the magnetic field on the density of states. Summation
over the Landau level index n, which arises when evaluat-
ing Eq. (38), may in this case be replaced by integration
and the magnetic field dependence disappears to lead-
ing order in 1/kF `B . In contrast, the off-diagonal matrix
element I05 arises entirely from the contribution of the
n = 0 Landau level. This contribution is proportional to
1/(kF `B)
2, but leads to large effects at long length scales
and long times, as will be seen below, provided τc/τ  1.
Eqs. (32), (33), (38) and (39) give a general expression
for the density response function of a TM in the quasi-
classical regime
χ(q,Ω) = −g[iΩτI(q,Ω)D(q,Ω) + 1]. (40)
This expression is valid in either diffusive Ωτ, q`  1 or
ballistic Ωτ, q` 1 limits and may be used, in particular,
to study the ballistic-diffusive crossover regime. We will
start by analyzing the two limits.
A. Ballistic regime
In this regime all components of the matrix I are small
and thus D ≈ 1. Physically this means that we are look-
ing at short length and time scales at which the impurity
scattering may be ignored. While the response function
χ(q,Ω) is a 2 × 2 matrix, only its χ00(q,Ω) component
describes observable density response. Taking the limit
Ωτ, q`→∞ in Eqs. (38), (40) we obtain
χ00(q,Ω) = −g
[
1 +
Ω
2qt
ln
(
Ω− qt+ iη
Ω + qt+ iη
)]
. (41)
This is just the familiar Lindhard function (in the limit
q  kF and Ω  F ), describing the density response
of a clean Fermi liquid with the Fermi velocity t. The
imaginary part of χ00(q,Ω), which is determined by the
branch cuts of the Lindhard function
Imχ00(q,Ω) = g
piΩ
2qt
Θ(qt− |Ω|), (42)
describes the excitation spectrum of the Fermi liquid,
which forms a particle-hole continuum. Thus in the bal-
listic regime and in the weak magnetic field limit chi-
ral anomaly has no effect on the density response of a
TM [its effects appear only at order 1/(kF `B)
2, which is
negligible compared to Eq. (41)]. This of course will no
longer be true if we tune the Fermi energy to zero (i.e.
to the ideal Weyl or Dirac semimetal limit), but this is
a fine-tuned, non-generic situation, and is of somewhat
less interest for this reason.
6B. Diffusive regime
The situation is much more interesting in the diffusive
limit Ωτ, q` 1. In this case I ≈ 1, and multiple impu-
rity scattering needs to be taken into account. Expanding
in Taylor series in Ωτ and q`, we obtain
I00(q,Ω) ≈ 1 + iΩτ −Dq2τ,
I05(q,Ω) = I50(q,Ω) ≈ iΓqτ,
I55(q,Ω) ≈ 1 + iΩτ − τ/τc −Dq2τ. (43)
Here D = t2τ/3 = t`/3 is the diffusion constant,
Γ =
eB
2pi2g
=
t
2(kF `B)2
, (44)
is a new transport coefficient, which describes the chiral-
anomaly-induced coupling between the electric and the
chiral charge densities, and
1
τc
=
2F
20 t2τ
, (45)
is the chiral charge relaxation rate. Note that the fact the
chiral charge relaxation rate vanishes in the limit F → 0
is a consequence of our assumption that the impurity
potential is diagonal in the spin and orbital indices and
thus commutes with the chiral charge operator γ5 = τz.
In general this is not the case and we can expect some
residual chiral charge relaxation even in the F → 0 limit.
In the diffusive regime the dynamics of the density re-
sponse is determined by the poles of the diffusion propa-
gator D, instead of the branch cuts of the response func-
tion, as in the ballistic limit. From Eq. (43), the inverse
diffusion propagator is given by
D−1(q,Ω) =
( −iΩτ +Dq2τ −iΓqτ
−iΓqτ −iΩτ + τ/τc +Dq2τ
)
,
(46)
The zeros of the determinant of this matrix determine
the eigenmode frequencies
Ω± = ±Ω0 − i(Dq2 + 1/2τc), (47)
where
Ω0 =
√
Γ2q2 − 1/4τ2c . (48)
The diffusion propagator itself may then be written as
D(q,Ω) = 1/τ
(Ω− Ω+)(Ω− Ω−)
×
(
iΩ−Dq2 − 1/τc −iΓq
−iΓq iΩ−Dq2
)
. (49)
Taking into account that in the diffusive regime I ≈ 1,
we obtain from Eq. (40)
χ(q,Ω) ≈ −g[iΩτD(q,Ω) + 1], (50)
which gives the following explicit expression for the 00
component of the matrix response function, which corre-
sponds to the observable electric charge density response
χ00(q,Ω) = g
[
Ω(Ω + i/τc + iDq
2)
(Ω− Ω+)(Ω− Ω−) − 1
]
. (51)
We now note that the frequency Ω0 is purely imaginary
at the smallest momenta when
q <
1
2Γτc
=
La
2L2c
≡ 1
L∗
, (52)
where we have introduced two new length scales
Lc =
√
Dτc, (53)
which has the meaning of the chiral charge diffusion
length and
La =
D
Γ
=
2
3
`(kF `B)
2. (54)
La is a magnetic-field-related length scale, distinct
from the magnetic length, which arises from the chiral
anomaly. It is a long hydrodynamic length scale in the
weak magnetic field regime, in the sense that La  `, but
it may still be much smaller that either the chiral charge
diffusion length Lc or the sample size L. In fact, the ra-
tio Lc/La quantifies the strength of the chiral-anomaly-
related density response phenomena, as will be seen be-
low.
Thus when q < 1/L∗ the eigenfrequencies of the diffu-
sion propagator are purely imaginary, which corresponds
to ordinary diffusion (nonpropagating) modes. However,
when q > 1/L∗ (which may be a very small momentum
when the ratio Lc/La is large), Ω0 is real, which signals
the emergence of a pair of propagating modes in this
regime. The modes are only weakly damped as long as
Ω0 ≈ Γq > Dq2, (55)
which defines the upper limit on the wavevector q =
1/La, above which the propagating modes disappear.
The propagating modes thus exist in the interval
1/L∗ < q < 1/La. (56)
This interval is significant when Lc/La  1.
Within this interval of q the density response function
takes the following approximate form
χ00(q,Ω) = g
Ω20
(Ω + iDq2)2 − Ω20
, (57)
where Ω0 = Γq. This is the density response func-
tion of an effective 1D system with the Fermi velocity
Γ = t/2(kF `B)
2  t. Note that this is very different
from the 1D response one would obtain in a TM in the
quantum limit kF `B < 1, when only the lowest n = 0
Landau level contributes to the density response. In this
7case one gets Nφ 1D modes, which correspond to Nφ or-
bital states within the LLL. The Fermi velocity of these
1D modes is equal to the microscopic Fermi velocity t. In
our case, while the ultimate origin of the 1D dynamics is
still the LLL, its emergence is only possible in the diffu-
sive regime and thus requires multiple impurity scatter-
ing. The corresponding Fermi velocity Γ is proportional
to the applied magnetic field and is much smaller than t
in the quasiclassical weak-field regime. Such effectively
1D density response, with propagating rather than diffu-
sive density dynamics, which exists in a 3D metal with a
large Fermi surface (kF `  1) in a weak magnetic field
(kF `B  1) is a truly unique feature of TM and should
be regarded as their true smoking-gun characteristic.
On the other hand, when La > Lc, propagating modes
do not exist for any q and one obtains a pair of standard
diffusion modes
Ω+ = −iDq2, Ω− = −iDq2 − i/τc, (58)
which correspond to independent diffusion of the electric
and the chiral charge densities.
III. TRANSPORT IN TOPOLOGICAL METALS
It is very useful to also look at the transport properties,
which follow from the density response, described in Sec-
tion II. In addition to providing further insight into the
physical meaning of the results, discussed in the previous
section, this will also allow us to calculate experimentally
measurable physical quantities, such as the frequency-
and scale-dependent conductivity.
A. Scale-dependent conductance
It is easy to show that Eqs. (49) and (50) for the dif-
fusion propagator and the generalized density response
function are equivalent to the following transport equa-
tion in real space and time, that the electric n0 and chiral
n5 charge densities must satisfy
∂n0
∂t
= D∇2(n0 + gV0) + Γ ·∇(n5 + gV5),
∂n5
∂t
= D∇2(n5 + gV5)− n5 + gV5
τc
+ Γ ·∇(n0 + gV0),
(59)
where V0 and V5 are external electric and chiral poten-
tials correspondingly and we have generalized to an ar-
bitrary magnetic field direction, which is why the coeffi-
cient Γ ∝ B has become a vector. The chiral potential
V5 may arise, for example, in a situation when the inver-
sion symmetry is broken, in which case the Weyl nodes
of different chirality will generally be located at differ-
ent energies, V5 being precisely this energy difference.
Otherwise this should simply be regarded as a fictitious
potential, which couples linearly to the chiral charge nc.
Indeed, Fourier transforming Eq. (59) we obtain
D−1(q,Ω)
(
n0
n5
)
= −g [iΩτ +D−1(q,Ω)]( V0
V5
)
.
(60)
This gives(
n0
n5
)
= −g[iΩτD(q,Ω) + 1]
(
V0
V5
)
, (61)
which is equivalent to Eq. (50).
Solving Eq. (59) in the steady state, assuming a uni-
form sample of linear size L, attached to normal metal
leads (in which the chiral electrochemical potential n5 +
gV5 = 0) in the z-direction (i.e. the current flows along
the magnetic field), one obtains the following expression
for the scale-dependent sample conductance27,36
G(L) =
e2Nφ
2pi
F (L/La, L/Lc), (62)
where the scaling function F (x, y) is given by
F (x, y) =
(1 + y2/x2)3/2
y2
2x
√
1 + y2/x2 + tanh
(
x
2
√
1 + y2/x2
) . (63)
This scaling function exhibits crossover behaviors which
exactly match the corresponding crossovers in the
wavevector dependence of the diffusion modes, described
in Section II.
Indeed, when x  y, which means La  Lc, we have
F (x, y) ≈ 2/x, which gives
G(L) ≈ e2gDL = σL, (64)
which is simply the standard Ohmic conductance, with a
small magnetic-field dependent correction, which goes as
(Lc/La)
2, and which we have ignored here for the sake
of brevity.27 This corresponds to the regime, in which we
have two independent diffusion modes, given by Eq. (58),
corresponding to independent diffusion of the electric and
the chiral charges.
On the other hand, when La  Lc, or x  y, we
obtain
F (x, y) ≈ 1
y2/2x+ tanh(x/2)
. (65)
This exhibits a regime of quasiballistic conductance with
G(L) ≈ e
2Nφ
2pi
, (66)
which is realized when
La < L < L∗. (67)
This corresponds precisely to the range of the wavevec-
tors q in Eq. (56), for which propagating modes exist
8when La  Lc. Thus, one of the observable manifesta-
tions of the existence of quasi-1D propagating modes in a
TM is the quasiballistic conductance, given by Eq. (66).
It is instructive to see what the quasiballistic con-
ductance regime corresponds to directly in terms of the
transport equations Eq. (59). In this regime both the sec-
ond derivative D∇2n0,5 and the relaxation n5/τc terms
may be ignored and we obtain
∂n0
∂t
= Γ
∂n5
∂z
,
∂n5
∂t
= Γ
∂n0
∂z
. (68)
Introducing the left- and right-handed charges as nR,L =
(n0 ± n5)/2 we obtain
∂nR
∂t
= Γ
∂nR
∂z
,
∂nL
∂t
= −Γ∂nL
∂z
. (69)
Eq. (69) describes two chiral bosonic density modes,
which propagate along and opposite to the direction of
the applied magnetic field. Such “bosonization” of the
electron dynamics, which occurs in a 3D metal in a weak
quasiclassical magnetic field, is a characteristic smoking-
gun feature of a TM.
Eq. (69) means, in particular, that a density distur-
bance, created in a TM in magnetic field, with split into
two chiral modes, which will propagate ballistically in
opposite directions, spatially separating electrons of dif-
ferent chirality. It might be possible to detect this effect
optically.37
B. Optical conductivity
Optical conductivity of TM has been studied before,
with a focus mostly on the interband transition ef-
fects.38–42 Here we will demonstrate that low-frequency
intraband optical conductivity is qualitatively affected by
the chiral anomaly, which has not been noticed before.
From the general expression for the density response
function Eq. (40) we may easily obtain the frequency-
dependent conductivity. Indeed, electric charge conser-
vation requires that
σzz(Ω) = −e2 lim
q→0
iΩ
q2
χ00(q,Ω). (70)
A straightforward calculation then gives
σzz(Ω) =
σ
1− iΩτ
1− iΩτc + (Lc/La)2
1− iΩτc , (71)
where σ = e2gD is the zero-field DC conductivity. Eval-
uating the real part, one obtains
Reσzz(Ω) =
σ
1 + Ω2τ2
[
1 +
(
Lc
La
)2
1− Ω2ττc
1 + Ω2τ2c
]
. (72)
0.5 1.0 1.5 2.0
Ωτ0.5
1.0
1.5
2.0
Reσzz(Ω)/σ
FIG. 2. (Color online) Frequency-dependent conductivity for
Lc/La = 1 (solid line) and Lc/La = 0 (dashed line), and
τ/τc = 0.04.
Eq. (72) is one of the main new results of this paper.
The prefactor in Eq. (72) is the standard Drude expres-
sion for the optical conductivity of a metal. The part
in the square brackets is a correction that arises in a
TM as a consequence of the chiral anomaly. This correc-
tion represents transfer of the spectral weight from high
frequencies into a new low-frequency peak, whose width
scales with the chiral charge relaxation rate 1/τc, while
height is proportional to the ratio (Lc/La)
2. Importantly,
Eq. (72) satisfies the exact f -sum rule∫ ∞
0
dΩ Reσzz(Ω) =
piσ
2τ
, (73)
which means that the appearance of the new low-
frequency peak indeed represents spectral weight trans-
fer, as it should, see Fig. 2.
It is instructive to examine the high-frequency limit of
Eq. (72), namely when Ω > 1/τc, 1/
√
ττc. In this limit
we obtain
Reσzz(Ω) ≈ σ
1 + Ω2τ2
[
1− 1
3
(
`
La
)2]
. (74)
The negative second term in the square brackets ex-
presses the reduction of the spectral weight at high fre-
quencies, induced by the chiral anomaly. We note that
while formally the whole expression may become negative
for La  `, this would be outside of the regime of validity
of our theory, which assumes weak magnetic field regime
kF `B  1 and thus La  `. Within this regime, the real
part of the optical conductivity is always positive, as it
should be.
IV. DISCUSSION AND CONCLUSIONS
In this paper we have studied density response in TM
and the corresponding experimentally observable phe-
nomena. We have argued that one of the truly unique
9features of TM is the existence of propagating density
modes, which are induced by the combined effect of the
chiral anomaly and impurity scattering. The modes exist
only in the diffusive limit and disappear in the ballistic
regime. We have demonstrated that one of the observ-
able manifestations of the existence of such propagating
modes is the highly nontrivial scaling of the conductance
of a TM with the sample size, first pointed out by Altland
and Bagrets.36 We have also demonstrated an entirely
new phenomenon, namely a nontrivial frequency depen-
dence of the optical conductivity, which exhibits trans-
fer of the spectral weight from high frequencies, greater
than 1/
√
ττc, into a new non-Drude low-frequency peak
of width 1/τc. The existence of this new narrow peak in
the optical conductivity is a smoking-gun consequence of
the chiral anomaly in TM.
One issue we have not touched upon in this pa-
per is the effect of the electron-electron, in particular
long-range Coulomb, interactions. One might worry
that the Coulomb interactions could push the linearly-
dispersing sound-like mode Eq. (55) to the plasma fre-
quency, as happens in the case of the ordinary elec-
tronic zero sound mode, if short-range interactions are
replaced by Coulomb interactions. This does not happen
in our case, however, since the existence of the sound-
like mode has nothing to do with the electron-electron
interactions. Its physical origin lies in the effective “one-
dimensionalization” of the electron dynamics in a dirty
TM in the presence of even a weak magnetic field. What
this means is that the LLL dominates the density re-
sponse at long times and long distances even when many
higher Landau levels are occupied since the dynamics is
ballistic in the LLL while it is diffusive in the higher
Landau levels. This picture has nothing to do with
the electron-electron interactions and will not be signifi-
cantly modified by them, just as the ordinary low-energy
particle-hole continuum in a clean Fermi liquid is not sig-
nificantly affected by the interactions. The frequency of
the plasmon modes ΩP ∼
√
e2t2g is not significantly af-
fected by a weak applied magnetic field43,44 and is much
larger than the frequency of the low-energy chiral den-
sity mode Ω0 = Γq, which arises within the low-energy
particle-hole continuum of the clean metal. This means
that the two modes do not interact with each other in
any significant way. However, the issue of collective plas-
mon modes in a dirty TM is interesting in its own right
and will be addressed in a future publication.
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